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C^l ■ Abstract 

In an earlier paper [14] the author wrote the homothetic equations for vacuum 
■ solutions in a first order formalism allowing for arbitrary alignment of the dyad. 

O ! This paper generalises that method to conformal vectors in non-vacuum spaces. 

The method is applied to metrics admitting a three parameter motion group on 
non-null orbits. 



CD 



(N 



X: 



PACS number 0420J 



^ Mathematics Subject Classification: 83C15, 83C20 



1 Introduction and Notation 



^ I In [14] I gave the homothetic Killing equations in vacuum, written out in a first order form 

^ ■ without the assumption that the spinor dyad used was aligned to either the symmetry or 

the curvature in any way, and indeed allowing for the dyad to be non-normalised. In this 
paper I will generalise to conformal vectors in non- vacuum spaces-times. Equations for this 
\ case have been given in [9,11] in a particularly specialised notation, although the former 

did not use a first order formalism. 

A conformal vector by definition satisfies the equation 



^a;b = Kb + i^gab- (1) 

Here ip, the divergence, is an arbitrary scalar, and Fab will be called the conformal 
bivector. If ip is constant we have a homothetic vector, if ^ ^ is covariantly constant we 
have a special conformal vector [16]. 

Let {o^, t^} be a spinor dyad, with oal"^ = X- A complex null tetrad is related to this 
dyad in the standard way: 

([15], (4.5.19)), and ian" = —mafn"' = XX- As in [14], we define components of the 
conformal: 

= id a + itna - ^7n"^a " ^m^a, (2) 

with l^*^, n*^, m'^, m"} a Newman-Penrose tetrad. Thus, for example, XX^^ = ^a^"- 
For the conformal bivector Fab we define its anti-self dual by 

~Fab = \ (Fat + iF:,) (3) 
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and then 



Fab = ixx) ^ (2000 ^[amb] + 2001 i^lanb] - mianib]) - 20ii nt^mf,]) , (4) 

where 

011 = ixxr'F^brm" (5) 

001 = lixx)-' [FabuH' - Fabrffm') (6) 

000 = {xxY^Fabrrfn' (7) 

Most of the equations in this paper will be given using the compacted GHP-formalism, 
see [5,15,16]. In this formalism, we simplify notation by concentrating on those spin co- 
efficients of good weight, that is, those that transform homogeneously under a spin-boost 
transformation of the dyad: if 

a weighted quantity rj of type {r', r; t', t} undergoes a transformation 

These weights will be referred to as the Penrose-Rindler (PR) weights, to distinguish 
them from the more familiar GHP-weights {p, q) in e.g. [5,16], where p = r'~r and q = t'—t. 
A second advantage of this notation is that it is indifferent to the scaling of the tetrad. 



2 General Equations 

The conformal equations themselves, ([T]), are unaffected by the curvature or the fact that 
■0 is not constant and so are the same as in [14]: 



ti^^? = - (8a) 

V 6 = -"r^m - r^rn " (001 + 0oi) + V'; (§&) 

96 = -P^m - cr^m + 011 ; (8c) 

\)^n = -r'U - r'irn + (001 + 0Ol) + {8d) 

t* 'Cn = Cm ^ 'Cmi (8c) 

9 6 = -p'^m - ^'im - 0oo; (8/) 

\>im = -r'ii - Kin - 011 ; (85-) 

\l im = -K'ie - + 0oo; W 

^im = -O^'ii- ain] (8i) 

9' im = -p'ie - pin + (001 - 0Ol) " (8j) 
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Table 1: weights of components 



The spin-boost weights {r',r,t',t) of the components of and Fab are given in Tabled] 
(correcting a minor typo in [14]): 

The Ricci identity for ^" implies Fcd-b = Rabcd^"' — '^'^,[cgd]b, from which the algebraic 
Bianchi identities lead to equations for the derivatives of the (pij. The anti-self-dual of this 
equation takes the spinor form 

^CC'4>AB = ABDC^D'C + ^ABD'C'^Dc) — ^ {^BC^AC + ^AC^BC") + 

^ (cacV'.bc" + esc^.AC") (9) 

Here "^abcd is the (totally symmetric) Weyl spinor, ^aba'B' the Ricci spinor and 24A = R, 
the Ricci scalar (see [15]). 

The components of the Weyl and Ricci spinors are given in [15] (4.11.6) and (4.11.8) 
respectively, and then resolving equation (Q we get the (first) integrability conditions 





*l6 - *0^m + $016 - '^'oO'^m 


= 2k0oi 


-1^011; 


(10a) 




^I'tm - ^O^n + $026 - $01^m 


= 2(T0oi 


- 90ii; 


(106) 




- ^l^m + ^Ol^m - ^OO^n + 2U^e 


= 2p0oi - 


- 5' 011 +1)^; 


(10c) 




^l^n + $02^™ - '^'Ol^n + 


= 2r0oi 


- 1>' 011 + dtp] 


(lOd) 




^^2^™ + ^2iii - ^2oU - sn^M 


= 2rVoi 


- t>0oo -9'^; 


(lOe) 






= 2p'0oi 


- 3 000 - K^; 


(10/) 




^^4^^ - ^Sim + ^2lim - $20^n 


= 2a'0oi 


- 3' 000 ; 


(10^7) 




- ^3^ + '^'22^™ - ^2lin 


= 2fi;'0oi 


- \>' 000 


(lOh) 


^26 


- <i/i^rn + <^llii - $10^™ - 


= t" 001 - 


- r 011 - /t0oo - ^\>i'; 


(100 




- ^ie„ + $12^£ - ^nU - 


= 3 001 - 


- p'0ii - cr0oo - |3^; 


(lOj) 




- ^'s^TTT + $11^™ - $10^n + 


= 9' 001 - 


- P0OO - ct'0ii + IS'V'; 


(lOA;) 


^3^™ 


- ^2in + ^12im - $11^ + 


= K0oi- 


- r0oo - /«'0ii + IKV'- 


(10/) 



where 11 = XX^- These equations, which can also be obtained from applying the commu- 
tators to equations (8), are equivalent to equations (20)-(22) in [11]. 
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Note that there are four pairs of equations with the same Weyl curvature terms (c/i; 
d/ j\ e/k and f /I). We can eUminate the Weyl curvature terms between these pairs to give 
equations equivalent to (23) in [11]: 

\> 001 + 9' 011 - «0oo - 2p0oi - t'0ii - i t> V' 

= ($11 - 3n) + ^ooCn - ^loCm - ^OlCm (Ho) 

8 001 + V 011 - 0-000 - 2t0oi - p'0ii - 1 9 V' 

= $126 + ^OlCn - (^11 + 3n) U - {lib) 

9' 001 + 1) 000 - P0OO - 2t'0oi - o-'0ii + 1 9' V' 

= -^21^1 - $10Cn + ^20Cm + (^11 + SH) ^TfT (llc) 
t>' 001 + 9 000 - T0OO - 2p'0oi - k'011 + f t>' V' 

= -$226 - (^11 - 3n) ^„ + $21^m + ^12^rn (H^^) 

All these equations are easily checked to be consistent as far as spin and boost weight 
are concerned, and reduce to the equations of [14] for a homothety in vacuum. 



3 Second integrability conditions 

Since a conformal transformation preserves the conformal structure, C^C°'bcd — 0, and re- 
solving the spinor version of this equation leads to second integrability conditions involving 
the \E'j. The Ricci tensor is not preserved under a conformal transformation, but instead 
we have, cf. [6], for the trace-free Ricci tensor and Ricci scalar 

C^Sab = 2V';„6 - ]^{'ilj;cdg"')9ab C^R = -2V'i? + Q{.ll^;cd9"'). (12) 

Resolving these gives second integrability conditions involving the and IT. The same 
integrability conditions arises from applying the commutators to the components of the 
conformal bivector of course. Using the Bianchi identities and the GHP notation these 
equations can be reduced to a compact form. Firstly, define the zero weight derivative 
operator 

and let 

-^00 = 000 - fi'il - T'in + <y'im + P'Cm, ^11 = 011 + l^in + T^t - a^m - P^m- 

(Note that under the Sachs * operation, Xu and Xqq are unchanged but X*^^ — Xqq and 
Xqq — Xii). Then we find that for the Weyl tensor components 

+ 2^^*^ = iXoo'ifi-i - 2(2 - i) 0oi*i + (i - 4)Xii*,+i, (13) 
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The Ricci tensor components are more involved because of the presence of the second 
derivatives of the divergence. I will write them as 

+ {b- 2)Xu^a(b+i) - 2((1 - a) 001 + (!-&) ^oi)^ab (14) 
C^U + 2ijU=^ \)-d'd-p'\) -p K +r 5 +r 9') ^, (15) 

where Tab are differential operators given below. Equations (fT3|) are equivalent to Collinson 
and French's equations (2.2) [3] and Kolassis and Ludwig's equations (43)-(45) [9]; equa- 
tions (14) are equivalent to [9] equations (47)-(49). 

The operators T^;, have the same symmetry properties under conjugation as ^ab and 

are 

Too = i)'+:^6+fi:6' 

Toi = 6])+pb+ah' = l)6+r't)+/s:K 

T02 = 

Til = ^(Kt3 + a'5+p't)+pK+^3+^9') 
T12 = 3K +p'3+p'9' = \)'Q+K\)+r\)' 

T22 = (t^O' + 't'a+^'a' 

along with the complex conjugates. The alternate forms here arise from the commutators. 

As Geroch points out in the appendix to [4], see also [6], a conformal vector is given 
locally by its values and first two derivatives at a point. So there are no further true 
integrability conditions. 

4 Surface homogenous metrics 

Brinkmann's Theorem (see e.g. [16]), which follows from equation ( fT2l) . proves the only 
vacuum metrics with a proper conformals are pp waves, which have been much studied, see 
e.g. [12]. So for an application we consider the case of a metrics with a of motions on a 
spacelike surface [16], compare [17] and references therein which classified all the spherical 
symmetric cases. We will begin with the metric in null coordinates: 

ds^ = 2e2^("''')dM dv - e2^("'") {dx^ + J:\x)dy^) . (16) 

Here S(a;) = sinx for the spherically symmetric case, S(a;) = sinh(x) for pseudo-spherical 
case and S(a;) = 1 for the plane symmetric case. The (isometric) isotropy implies such 
metrics are Petrov type D or O and the Ricci tensor has at least two equal eigenvalues 
which must correspond to spacelike eigenvectors [16]. The Kimura metric considered as an 
example in [11] is a special case of this metric (see later). 
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The obvious normalised Newman-Penrose tetrad 

lla = dv, Ua = du, rria = —/=^^ {dx + dy) , 
is a Petrov canonical tetrad: of the \E'j only 

is non-zero and is also close to a Ricci canonical tetrad, as only $00? '^'22 and 11 are 
not identically zero (see appendix) so the Ricci tensor is diagonalisable, but not necessarily 
diagonalisable over M . We find that the only non-zero spin coefficients of good weight are 

P = e'^Xu, p' = -e~^X^, 

with the other spin coefficients also being real. 

As = where K is the (constant) Gaussian curvature of the Killing orbits, 

we can see that these metrics are conformally fiat iff X — F = log \u — Kv\ for K = ±1, 
or separable (X — F = P{u) + Q{v)) for K = 0. We assume from hence that the metric is 
type D, since the conformally ffat case is known to have 15 independent conformal vectors. 
See also [2] for an analysis of these cases. 

Suppose we have a conformal vector in a type D surface homogenous space-time (flGjl . 
Then equations ( fT3|) for 2 = 1,3 give us (pn = p^m and 0oo = —p'im- If we substitute 
these expressions into equation (10c/) and use the conformal equations and the curvature 
equation \>' p = pp' — '^2 — 211, we ffnd that S?/^ = 0, and Q'-?/; = follows as ip is real and 
zero-weighted. 

We can recast (10c) too: we ffnd that 

1^ = 6 i-pp' + ^2 + 2n) - in (p' + $00) - p (001 + - ^) • 

But the conformal equations and the curvature equations mean that this is equivalent to 

Similarly, (10/) gives \)' {ip + p'^i + p^n) = 0. But each term in the real zero-weighted 
scalar = 1^ + p'C,e + p^n is also annihilated by 6 and 6', and hence C is a constant. 

Using equations (lOi) to (10/) we can now ffnd explicit equations for the derivatives of 
001- If we set = A + iB for real weight (0,0) scalars A and B we get 

= \)' B = dA = d' A = 

and 

bB = -lU {pp' + ^2 - $11 - n) (17) 

1) A = ^ (^,(3^2 + 2$n) - ^$00 - p(2A + C) ) (18) 
y^ = \ (-^(3^2 + 2<l'n) + ^^$22 - p'{2A - C)) . (19) 
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The conformal equations now take the form 



\>'i, = -2A-p'i,-pU + C, (20) 

\>^n = 2A- p'^,- pin + C, (21) 

\>im = -P^m, V^m = -p'^m (22) 

b'U = 2tB-C, (23) 

= = = Q^n = 9^™ = 0, (24) 



plus their conjugates. 

The only equations left to be considered are the remaining second integrability equa- 
tions. Most of these turn out to be already satisfied modulo the conformal equations, 
curvature equations and Bianchi identities. If we also make use of the commutators and 
the fact that 5 and 5' annihilate all the spin coefficients and curvature components — 
which is most easily checked from the coordinate form of the metric — we find there is 
only one second integrability equation left: 

4(pp' + ^2-n-<l>n)C = 0. (25) 

Now the term in brackets on the right hand side of ( ITTj) and the left hand side of ( 125|) 
occurs in the commutators, so can be written in terms of spin coefficients not of good 
weight: it is — 26a = |e~^"^S^^/S = —^Ke'"^^, where K is the (constant) Gaussian 
curvature of the Killing orbits [15]. So in the plane symmetric case we have B constant 
from ( I17p etc, and in the other cases C = from (I25p . 

The 6 unknowns fall naturally into disjoint sets {^i,^n,A} and {^m,^,^, B}, where 
everything in the first set is annihilated by both B and 5', which is easily seen to be 
equivalent to being independent of x and y. 

In the non-plane cases, or wherever C = 0, these sets are completely decoupled. But 
it is a simple matter to solve for the terms C,m and ^jn in the plane symmetric case to get 
(with S(x) = 1, i.e. Cartesian coordinates) 

-^njrf - irnm" = 2B{yd^ - xdy) + hd^ + k2dy + C(x9^ + ydy), 

where constants 5, ki and give the known Killing vectors in the spacelike surface. 
These are the only possible conformals vectors lying completely in the Killing orbits, as 
= in = ^ implies A = C = 0. The term with C is the standard homothety in the 
plane, which from the equations is coupled to the components orthogonal to the Killing 
orbit. That such coupling must be present also follows from the fact that we cannot have 
a conformal vector with a fixed point at which the divergence in non-zero in Petrov type 
D [7]: as C = + p'C,e + p^n, any conformal vector with C non-zero cannot be tangent 
to the orbit of the known Killing vector. Since we can subtract Killing vectors from any 
proper conformal vector, it follows that in looking for other conformal vectors in a plane 
symmetric metric we can assume we have B = 0, = Ce^{x + iy)/\/2 and solve the 
remaining equations for and A. 
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For the non-plane cases the left hand side of equation (fT7|) is ^iKe~'^^C,m, where the 
Gaussian curvature K = ±1. So using equation ( p3|) b' dB = —Ke^^^B, or in coordinates 
V^-B = —2KB for the Laplacian on the Killing orbit. As is well-known this equation 
has exactly three independent solutions. In our coordinates they are 

S(x)sin?/, and S(x)cos?/. 

We have now solved the {^m, ^m-, B} set, since E,m = 2ie^-^ dB: the only conformal vectors 
with ^„ = = are again the three known Killing vectors. Similarly to the plane 
symmetric case, we can restrict the search for proper conformal vectors in the non-plane 
cases to those vectors with C,m = B = 0. 

At this stage it is as well to convert to a coordinate form of the main conformal equa- 
tions. Firstly, equations (p^ implies that 

The surface orthogonal part of the conformal vector, ■C^^^ + ^n^"? is then Y^{u)du + Y'^{v)djj 
and ^p = C + F^X^ + Y^X^^ = C + C^.a- 

The other derivatives of ^„ and C,£ can be combined to give expressions for A and C. 
Writing Z for F — X equations ( l20l) and ( 1211) give 

= + 2Y^F^ -Yl- 2Y^F^, (26) 
2C = + 2r^Z„ + Yl + 2Y^Z^, (27) 

These expressions for A and C can then be substituted into the integrability conditions (flSj) 
and ( IT9|) to give 

Fi„ + 2Z„yi + 2Z„„Fi = -2Z„,F2 ^28) 

Yl^ + 2Z , y;2 + 2Z 2 = -2Z 1 . (29) 

However, in coordinate form it is easy to see that both these latter equations are identi- 
cally satisfied modulo equation (!27ll . a fact that can be proved in the GHP notation with 
sufficient work. Since we can consider equation (l26l) as defining A, with a little algebra we 
have, cf. [13]: 

Theorem 1 The surface homogeneous metric 

ds" = e^""^^'"^ {2e^^^^'^^dudv - [dx^ + T?{x)dy^) ) , (30) 
if type D, admits the conformal vector 

= Y\u)du + Y^{v)d, + C (xd, + ydy) 

iff the equation 

2C = Yl + 2Y^Z^u + Yl + 2Y^Z^, ^ 

is satisfied for constant C, which must be zero in the non-plane symmetric cases. 
The divergence ^ of is then C + = (X + Z),^^'^ + i (F^ + Yf) . 
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The form of the metric in this theorem is doubly convenient in that it shows these 
metrics to be conformally reducible, in the sense of Carot and Tupper [2], by illustrating 
the conformal scaling which is irrelevant to the conformal vector: we expect a free conformal 
factor in the metric if all we do is look for conformal vectors. This factor would be fixed 
by the field equations. 

Tupper et al [17] classified the spherically symmetric cases according to the possible 
extra Killing or homothetic vectors. Their analysis applies with no change to the case 
where the Killing orbit has negative curvature. 

Here I will merely point out that by the Bilyalov-Defrise- Carter Theorem [1,7] and 
isotropy considerations, the maximal size of the conformal algebra is 6, and in these cases 
the metric is locally conformal to a metric with a 6-parameter group of motions, and hence 
locally conformal to a product of two 2-spaces of constant curvature, [16]. Any metric (130|) 
with Zuv = 0, for example, is easily shown to have a 6 parameter conformal algebra. 

One explicit example with the maximal conformal algebra is the spherically symmetric 
Kimura case [8] considered in [10,11]. Changing the coordinates in those references to 
u = t — r^^, V = t -\- r^^ we have F = — log(M — v) + log(6o), Z = — \ogbo in (fT6|) and 
solving f l27|) with C = we have 

Y\u) = kiu + k2 + ks, Y^{v) = -k^v - k2 + fca, 

which are easily seen to give the two proper conformal vectors {ki and /C2) and fourth 
Killing vector (k-^) given by in [10,11]. 

A similar calculation can be performed in the case of a metric with a three-parameter 
Killing group on time-like surfaces. We start with the metric in the form 

ds^ = e^^K'^) (S2(r)dt2 - dr^) - 2^^^^~^^dCdC (31) 

see [16], but note I have chosen conformally fiat coordinates in the surface orthogonal to 
the Killing orbit. Since the metrics in the two cases are the same under the complex 
coordinate transformations 

plus a switch of signature (essentially the Sachs * operation), similar results arise. 
The obvious normalised tetrad 

ia = —/= (S dt + dr) , Ua = —/=^^ (^ dt — dr) , nia = e^d( 
V 2 V 2 

is again a Petrov canonical tetrad, with only r = t' non-zero spin coefficients and \l/2, 
•^11) "^02, '^'20) n non-zero in the curvature. The unknowns split into the same two disjoint 
sets {^^,^„, A} and {^m,^m,B} where (poi = A + iB. with everjd;hing in the second set 
annihilated by \) and \)' . The equations for the first set solve to give the three Killing 
vectors, and so only the equations for the second set remain: 

29 5 = -2tB - i^02im - ^(3^2 - 
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plus their conjugates, for constant C which is zero if the Kilhng orbit is not flat. All other 
equations are identically satisfied modulo these and the curvature equations etc as before. 

Writing the spatial part of the conformal vector as — ^m^" ~ Crn^" = Ydi^ + Yd^, the 
\) and \)' equations show that F is a function of {(, () only, and the remaining equations 
reduce to the Cauchy-Riemann equations, Y-^ = and the equivalent of equation (l27j) 

2C = Y^+ + 2(rZ^ + 2FZ^), (32) 

where Z{(, () = () — X{(, Q, or serve to define B: 

4i?(c, = ^{y,c- y,c + 2>^^.c - '^y\d ■ 

The appearance of the Cauchy-Riemann equations is to be expected, since we are essentially 
looking for conformals on a Riemannian 2-space. So 

Theorem 2 The timelike- surface homogeneous metric 

ds' = e2^(^'^) (j:\r)dt' - dr^ - 2e^^^i~^'>dC dc) , 
admits the conformal vector 

e = YiOdc + Y(X)d^ + C {tdt + rdr) 
ijfY{() is analytic and the equation 

2C = Y^+ + 2(FZ^ + 2YZ-^) ((32]) 

is satisfied for constant C, which must be zero in the non-plane symmetric cases. 
The divergence ip of is then C + = (X + Z),^^ + H^C + ^,c) • 

An analysis similar to that of [17] for the spherically symmetric situation can obviously 
be carried out in this case too. 

As in the spherical case we can find a type D metric of the form (13T]) admitting the 
maximal 6-parameter conformal group. One such example is given by setting X{(, () = 
\n{(-\-() + X{C, C) when the metric admits, in addition to the Killing vectors, the conformal 
vectors 

= [kiiC"^ + + k^i^ di^ + conjugate 

with ki real constants. 
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Appendix: Components of the Curvature 



In the surface-homogeneous metric ( fT6l) with Newman- Penrose tetrad as given the non-zero 
Ricci tensor components are 

$00 = $22 = (2F„X„ - X - X J) , 

n = -e (Fu^ -|- 2Xut, -|- 3X^X^,) — — e ^"^S a-a-S ^ 
o iz 

In the timelike case, metric (13T|) . with Newman- Penrose tetrad as given the non-zero 
curvature components are 

^2 = ^e*'" (A - X)^^^ + ^e-2^S,„S-\ 

$11 = \e-'^ (X^X^ - A^^^) + ie-2^S,,,S-\ 
$20 = $;;^ = (2X ^A,c - X/ - X , 

n = (A^,,^ + 2X^^ + 3X<;X^) - ^e-2^S,„S-^ 
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